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Abstract. We show that the quantum Casimir operators of the quantum linear 
group constructed in early work of Bracken, Gould and Zhang together with one extra 
central element generate the entire center of U^(0[„). As a by product of the proof, 
we obtain intriguing new formulae for eigenvalues of these quantum Casimir opera- 
tors, which are expressed in terms of the characters of a class of finite dimensional 
iiTeducible representations of the classical general linear algebra. 
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1. Introduction 

Quantum groups originated from the theory of soluble models of the Yang-Baxter 
type in the middle of 80s. They have played important roles in various branches of 
mathematics and physics, most notably in two-dimensional soluble models in statisti- 
cal mechanics and knot theory. The study of their structure and representation theory 
has been the focus of research in representation theory and continues to attract much 
attention. In particular, the discovery of the crystal basis and canonical basis [3, 5] is 
one of the most important achievement in representation theory in recent years. 

In the early 90s, a set of central elements of the quantum group Ug(gl„) was con- 
structed in [8, 9]. We shall refer to them as the quantum Casimir operators of Ug(g[„). 
The reason for this terminology is the fact that these central elements of Ug(gl„) are the 
quantum analogues of the familiar Casimir operators of the universal enveloping alge- 
bra \J{gln) of gin given by ^f^^j ■ ■ •L-^,=i Ei^i^Ei^i^ ■ ■ -Ei^ ^i^Ei^i^ (fc = 1, 2, ■ ■ • ), where 
Eij are the images of the matrix units under the canonical embedding of gin in U(gln). 
These Casimir operators of U(gln) play an important role in the Interacting Boson 
Model in nuclear physics. Their quantum analogues have also been applied in a simi- 
lar way. 

One obvious question was whether the quantum Casimir operators [8, 9] of U^(0l„) 
(supplemented with the obvious central element c given by (2.2)) generated the entire 
center of U^(gl„). The general expectation was that the answer should be affirmative, 
but no proof was ever given as far as we know. The main purpose of this paper is to 
give a rigorous proof. The result is described in Theorem 4. 1. 
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The proof of Theorem 4. 1 requires us to analyze the eigenvalues of the quantum 
Casimir operators in highest weight representations of U^(0[„). A formula for the 
eigenvalues was obtained in [4] (in fact [4] treated \JqiQlm\n)y which included U^(gl„) 
as a special case). We cast the formula into a form readily usable for our purpose. This 
new formula is expressed in terms of the characters of a class of finite dimensional 
irreducible representations of the classical general linear algebra. This result is rather 
intriguing, and we believe that it is interesting in its own right. 

We should point out that the structure of the center of a quantum group is much 
studied [2, 7] at an abstract level. In particular, a quantum analogue of the celebrated 
Harish-Chandra homomorphism in semi-simple Lie algebras has been established for 
quantum groups at generic q. In the case of U^(gl„), a set of generators different from 
the quantum Casimir operators of [8] was constructed in [1]. 

2. The quantum general linear group 

2. 1 . The quantum general linear group. This section provides some basic materials 
on the general linear algebra and its quantum group U^(0(„). Let £/, with / e I = 
{ 1 , 2, • • • , n}, be a basis of an Euclidean space with the inner product (e/, Ej) = dij. Set 

P = 5lLi(«-2/+l)e.-. 

The quantized universal enveloping algebra (g l„) of the general linear Lie algebra 

g[„ is a unital associative algebra over K := C(^) generated by Kf^, £{/, Fii [i e I, /' e 

I' := I\{n}), subject to the following relations: 

KiFjKr^ = q-(^J-^j+^^^i)Fj, ErE, = E,Er, FrF, = F,Fr, \r-s\^2, 
E,Fj-FjE, = ^j^^^^, e = ^a = 0, 

and 

4t±l = iEifEi±i-iq + q-^)EiEi±iEi + Ei±i{Eif, 

SuL = {FifFi±i-{q + q'')m±iF,+F,±i{Fi)\ 

As we know, Ug(gl„) possesses the structure of a Hopf algebra with the co-multiplication 
A, co-unit e and antipode S respectively given by 

^{Ei) = Ei(^KiKr^\ + 1 ^Ei, A{Fi) =Fi^l +Kr^Ki+i®Fu 
A{K^')=K^'®K^\ e{Ei)^e{Fi)=0, e{Kf^') = l, 
S{Ei) = -EiKr'Ki+i, S{Fi) = -KiK7^\Fi, S{Kf') = Kf\ 

The natural module V for U^(0l„) has the standard basis {v, | « e 1} such that 

EiVj = 8j,i+ivi, FiVj = 8j^iVi+i , KiVj = (1 + - 1)5;,;) V;. 
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Denote K the U^(0l„) -representation relative to this basis, then 7l(£'/) = Eij+i, Tz{Fi) = 
Ej+i^i and Tl{Ki) =I+{q- where Eij are the matrices {Eij)rs = ^ir^js- 

We now turn to the description of the center Z of the quantum (g ) . Let (0 1„ ) ~ , 
Uq{Qin)~^ and U^(0t„)*^ the subalgebras of U^(gl„) generated by /^v e /'), E^i (i' e /') 
and Kf" (i e /) respectively. Any element z e 2. can be written as 

s 

where z^*^^ , Mi^^ e U^(0l„)*^, m^"*"^ e\J q{gl„)^ aad Us~^ eU^(0l„)~. The quantum Harish- 
Chandra homomorphism is an algebra homomorphism (p : Z — > U^(0l„)^ such that 

The dot action of the Weyl group W of 0(„ on U^(0(„)° is given by permutations of 
the elements q~'Ki (i e I). Define 

(2.1) Li = q^'-^P\Ki)\ iel. 

Then L,- are permuted by the Weyl group. Let Uq{gifi)^ be the subalgebra spanned by 
the elements n"^jL-' for /, G Z. We denote by (t/^(0t„)ev)^ the W-invariant subalgebra 
of \Jq{gl„)^. By using the quantum Harish-Chandra isomorphism for Uq{5ln) (see, 
e.g., [2, 7]), one can prove the following result. 

Lemma 2.1. The Harish-Chandra homomorphism is an algebra isomorphism between 
the center Z of\Jq{gl„) and the subalgebra of\Jq{gl„)^ generated by the elements of 
{Uq{gl„)%)^ together with c, where 

(2.2) c^K^'K^'---K„\ 

Note that c is obviously V7-invariant, and c^^ G (UqiQ^njev)^ ■ equivalent de- 
scription of this lemma can be found in [1]. In this paper, a set of generators for Z 
were also given, which are different from the quantum Casimirs operators of [8, 9]. 

2.2. Quantum Casimir operators of U^(0[„). The quantum Casimir operators of 

Uqigin) are the main objects for study in this paper, which we now briefly describe. As 
is well known, in the quantum group setting, we have neither a good quantum analogue 
of tensors nor a procedure for "contracting tensors" (however, see [11, 12]). Thus it 
is much harder to explicitly construct central elements for quantum groups. The con- 
struction of [8, 9] was actually quite involved: it had to invoke the theory of [10] and 
also made use the universal i?-matrix of lJq{Qlf^). Thus for the sake of completeness 
and also clearness we briefly explain the construction. 

It is well-known that \Jq{gl„) is a quasi-triangular Hopf algebra, i.e., there exists 
an invertible element ^ G U^(0l„) (8) ^q{gl„) which is called the universal i?-matrix of 
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\Jq{gl„), such that 

RAix)=A'ix)R, yxe\J,{gl„), 
(A ® id)R = i?i3i?23, iid(g)A)R = RnRii: 

where A' is the opposite co-multiplication. Explicitly, A' = T o A where T : U^(0t„) ® 
Ug(0^n) ^ U^(S^n) ® U^(S^n) the linear map defined for any j G U^(0l„) hy T{x^ 
y) =y®x. The i?-matrix satisfies the celebrated Yang-Baxter equation 

RnRnRid =^23^13^12- 

Denote i?^ = T{R). ThenR^RA{x) = A{x)R^R,\/xe U^(sl„) 

For any a e Z, Let Z^^ := {m | m e Z, m ^ a}. The following quantum Casimir 
operators for \Jq{Ql„) were constructed in [8, 9]: 

Cn,, = Tr,(^l0/(2M(^£_L|iyj, keZ^o, 
where Tr^i represents the trace taken over n, and 

r = (id %)r'^r, ^ Yi qi"-^i+^ni _ 

Let La be a finite dimensional irreducible U^(0(„) -module with highest weight A e 
!K*. Then each C„ acts on La by a scalar, which is given by the following formula 
[4]: 

^ / , n ^(e.-,2A+2p+e,-) _ (£j',2A+2p-£j) 
^ f_f .^(e,-,2A+2p+e,) _ ^(ej,2A+2p+ey) ' 

where Aq = £1. 

Since cp(z) belongs to Ug(gl„)*^ for every z E Z, the right hand side of the above 
formula must be a polynomial in qi^'-^^+^P) . Note that when applying L, to the highest 
weight vector va of La, we have L,va = ^^'^'^"^^p^a- Then it follows that 

(2.3) — - L ( 1 J n , • 

!=i y H M 

3. Analysis of Gn,k 

Let us analyze the formula for ^ to put it into a form which will be readily usable 
for the proof of Theorem 4.1. Denote 

Gn,k= iu^Pn^i Where P^.-^ fl ^^'"^ 



i=\ j^i U — J-j 
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Then for any n G Z^2 and k eZ^i, one can rewrite C|^^ as 

We want to prove that Gn^k = 0, 1 , • • • , n) are polynomials in Lj. 
Lemma 3.1. For any n^2, the following two identities hold: 

(3.1) G„,o = 

(3.2) G„,i = cf-\u+L2 + ---+Ln). 
Proof For i^n,n — l, one has 

p _ p qLj-q-^Ln-i qU-q'^Ln 



_ qLj-q ^Ln-i qLj-q ^Ln ^ qLj-q ^L„ qLj-q 

— H — 2 / * ' Jt — 2 i ' ' * 

Li Lfi— I Lfi— 1 Lfi Li Lfi Lfi— i Lfi 

For any m,ne Z^2 and / e Z^o> denote Pm,i,n = Pm,i '^^'[.li ^" • Then P„ / can be rewrit- 
ten as 

(^^^ P . - P , . , qU-q-^Ln _ qLj-q'^Ln-i 

y-'--') '^n,i — ^n—2,i,n—\ j j ^n—2,i,n j j 

'-'n— 1 '-'n '-'n— 1 

n 

For convenience, denote G„ , ^= 5" i^f^n /. Then we can rewrite G„ o as follows: 

^ _ qLj-q-^Ln _«-2 qU-q-^L^-i 



(3.4) 



qGn-i,i-q~^LnGn-lfi ^^n,\^~^ ^^«-l^n,0,^ 



Ln—i Lfi Lfi^i L,^ 

Meanwhile, for any n e Z^2 and k e Z^i, we have the following computations: 

Gn,k ~ LfiGfij(—i = {Li—Lfi)Pfii 

i=l 

= "t^L'^-'Pn-uiqLi-q-^Ln) 
i=l 

= qGn_i^k — q ^L„G„_i^^_i. 

Thus 

(3.5) G„^yt = LnGn,ic-l +qGn^i^k — G ^LnGn-lM-l^ V R G Z^2, ^ £ Z^l . 

It is easy to see that both (3.1) and (3.2) hold for the cases n — 2 and n — 3. Conbining 
the identities (3.4) and (3.5), using induction on n in (3.1) and (3.2), one can get the 
formulae for G„^o and G„^i . Hence we complete the proof of this lemma. □ 
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We introduce a generating function Sn{t) = t^Gn k- Then 

k=() 



Sn{t) - G„fi - tLnS„{t) = qS„-i{t) -q ^tLnSn-\{t) - qGn-lfi, 
which impUes 



r, (,^ (1-1 ^tLn Gnfi-qGn-lfl 

^"('^ = l-tL„ l-rL„ 

q-q-i 



Thus 



(3.6) Gn^k = qGn-i,k + {q- q-')'LL'l^Gn-i,i + q'^'^-'^Ll 

i=0 



Note that it is by no means obvious from formula (2.3) itself that its right hand side 
is a polynomial in L/'s. To put our mind at peace, we observe the following result. 

Lemma 3.2. For any n G Zj>2 and k e Z^q. <^n,fc ^ polynomial in Li's. 

Proof. This lemma follows from Lemma 3. 1 and the identities (3.5) and (3.6). □ 



Form the formulae proved in Lemma 3.1, we see that if Lj is replaced by e^' for 
/ = 1,2, • • • ,n, then the coefficient of q"^^ in G„^i corresponds to the character of the 
basic irreducible representation of U^(gl„). A natural problem is to understand all the 
G„jt in similar terms, and we address this problem now. 

Let us introduce a set of elements of in Z+£,, which we write in terms of their 
coordinates relative to the basis e,. We let A,]^ = 0, 0, ■ ■ ■ , 0) , = — 1 , 1 , 0, ■ ■ ■ , 0) , 
•• •, A,)^ = (1, - •• , 1,0, •• • ,0) in the case k <n. We also set X,^ = {k,0,0,--- ,0), A,| = 
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— 1, 1,0, • • • ,0), ■ ■ - , = (^ — « + 1, 1, • • • , 1) in the case k'^ n. Note that these 
weights respectively correspond to the following Young diagrams: 



k-\ 



k-2 



inir 



inn: 



k-n+3 



k-n+2 



k-n+1 



n-2 



IZZ 



n-1 



Denote by ChL^^^^ the character of the irreducible 0[„-representation with highest 
weight v. Then 



w€W 



where p = p + |(n — 1) Lf=i Sj- The formula is valid when k — i>Q. When / > k, the 
right hand vanishes identically. 



Lemma 3.3. Let Ch^k be the expression obtained from Gn^]^ by replacing Li by e^' for 
alli= 1,2, •• • ,n. Then 



(3.7) 



L(-l)'-V"''+'C/iL^; =CV, yk=l,2,---, 



i=l 



where ChLyj^ = ifk < i. 



Proof Denote W„_i ^{weW\ w(ei) = Ei}. Then = {[w] | w e W | w(£i) = 

Ej, V 7 7^ 1}. Denote p„_i = p — (n — l)ei. In the case when k^ n, the left side of 
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(3.7) can be rewritten as follows: 

I sign(w)w{e''^^+PU(l-q-^e-(^^-^'^)) 

weW i=2 

i<j 

n—l v i=2 
= q I w 



weW \{{e^i-e^i) 
i<j 

\<i<i 

According to the fact CHLq— 1, we have the following identity 



W' 



[w']ew/w„.i Uie^'-e^j) 
Hence the left side of (3.7) can be further simplified as follows: 

oew/Wn_i j=2 e^i-eJ 

[o]eW/W„_i 7=2 e^i-e^^ 

which is just the right side of (3.7), i.e. Gn,k after replacing e^' by L; for / = 1 , 2, • • • , n. 
Thus the lemma in the case n follows. 

In the case I ^ k < n, the proof can be proceed similarly by recalling the fact 
ChL-i^i — for i > k. We omit the details. □ 

We have the following immediate consequence of the above lemma. 

Corollary 3.1. Set T^ i = Oifi>k. For i ^ k, let r^t^, be obtained by replacing each 
e^i in ChL^i^ by Li e Uqid^nf- Then 

Gn,k = i{-iy-'q"-^'^'rk,i. 

i=l 

Note that the nonzero T^^i are symmetric polynomials in Li, L2, ■■ ■ , Ln. 

Let Sn,k denote the rational function in q obtained by replacing e^' by c^2(e,,A+p) fQj- 
all / = 1 , 2, • • • , R on the left side of (3.7). Then we obtain a new formula for the eigen- 
values of the quantum Casimir operators of U^(gl„) in the irreducible representation 
with highest weight A. 
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Corollary 3.2. 

XA{Cn,k) = {q-q-Y'ti-lf-^ ( ^ ) (?^-")'Sn,/. 

The advantage of this formula is that every term in 9n,z has a representation theoret- 
ical interpretation in terms of the general linear Lie algebra. 

4. The main result 

With the preparations in the previous sections, we can now prove the following 
theorem, which is the main result of the paper. 

Theorem 4.1. The center Z of\Jq{Ql„) is generated by c and the quantum Casimir 
operators Cn,\, C„,„. 

In order to prove the theorem, we need some basic results on symmetric polynomi- 
als [6], which we recall here. The complete homogeneous symmetric polynomial of 
degree k in n variables xi, X2, ■ ■ ■ , Xn, written hj^ for A: = 0, 1,2, • • •, is the sum of all 
monomials of total degree k in the variables. Formally, 

It is well known that the set of complete homogeneous symmetric polynomials 

generate the ring of symmetric polynomials in the n variables x\,X2, ■■■,Xn. 

Proof of Theorem 4.1. Denote K[Li,L2, ■ ■ ■ the algebra of symmetric polynomi- 

als in the polynomial ring K[Li,L2, •• • Given any element in {U^qI„)%)^ ,'wecaa 
always express it in terms of elements of K[Li,L2, • • • ^Ln]^ and c algebraically. Note 
that e K[Li,L2, • ■ ■ Therefore, in order to prove Theorem 4.1, it suffices to 

show that Gn.k {k= I,- - ■ ,n) generate K[Li,L2, ■ ■ ■ 

Note that F^t,! in Gn^k is a complete symmetric polynomial in Li, L„. Thus 
Ti,!, r2,i, . . . , r„^i are a set of generators of the ring IK[Li ,L2, • • • ,L„]^ of symmetric 
polynomial. 

Now Fi.i is equal to q^^"Gn.i, and we can easily express F2.1 in terms of Gn,i and 
Gn,2- Inductively we can show that F;t,i can always be expressed in terms of G„^i, 
Gn,2, Gn,k- Thus G„^i, Gn,2, Gn^ri are also a set of generators of the symmetric 
polynomial ring K[Li,L2, • • • ,L„]^. Since the elements of K[Li,L2, • • • and c 

together generate 9(2,), we complete the proof of the theorem. □ 

Acknowledgements This work is supported by the Australian Research Coun- 
cil. Financial assistance from the National Science Foundation of China (Grant No. 
10926166) is also acknowledged. 



10 



JUNBO LI 



References 

[1] MJ Hopkins, A.I. Molve, A ^-analogue of the centralizer construction and skew representations 
of the quantum Affine algebra, Symmetry, Intergrability and Geometry: methods and applica- 
tions 2 (2006), 092-1-092-29. 

[2] J.C. Jantzen, Lectures on quantum groups. Graduate Studies in Mathematics 6, Amer. Math. 
See, Providence, RI, 1996. 

[3] M. Kashiwara, Crystallizing the ^-analogue of universal enveloping algebras, Commun. Math. 
Phys. 133 (1990), 249-260. 

[4] J. R. Links, R. B. Zhang, Eigenvalues of Casimir invariants of Uq{^{m\n)), J. Math. Phys. 34 
(1993), 6016-6024. 

[5] G. Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer Math. Soc. 3 
(1990), no. 2, 447498 

[6] I. G. Macdonald, Syimnetirc functions and Hall polynomials, second ed. Oxford: Clarendon 

Press, (1995). 

[7] T. Tanisaki, Harish-Chandra isomorphism for quantum groups, Commun. Math. Phys. 127 

(1990), 555-571. 

[8] Gould, M. D.; Zhang, R. B.; Bracken, A. J. Generalized Gel?fand invariants and characteristic 

identities for quantum groups. J. Math. Phys. 32 (1991), no. 9, 2298-2303. 
[9] R. B. Zhang, M. D. Gould, A. J. Bracken, Generalized Gel'fand invariants of quantum groups, 

/. Phys. A, 24 (1991), 937-943. 
[10] Zhang, R. B.; Gould, M. D.; Bracken, A. J. Quantum group invariants and link polynomials. 

Comm. Math. Phys. 137 (1991), no. 1, 13-27. 
[11] Zhang, R. B.; Gould, M. D.; Bracken, A. J. From representations of the braid group to solutions 

of the Yang-Baxter equation. Nuclear Phys. B 354 (1991), no. 2-3, 625-652. 
[12] Rittenberg, V.; Scheunert, M. Tensor operators for quantum groups and appUcations. J. Math. 

Phys. 33 (1992), no. 2, 436^45. 

School of Mathematics and Statistics, University of Sydney, NSW 2006, Aus- 
tralia 



